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Abstract 

We construct the path integral formula in terms of "multi-periodic" coher- 
ent state as an extension of the Nielsen-Rohrlich formula for spin. We make 
an exact calculation of the formula and show that, when a parameter corre- 
sponding to the magnitude of spin becomes large, the leading order term of 
the expansion coincides with the exact result. We also give an explicit corre- 
spondence between the trace formula in the multi-periodic coherent state and 
the one in the "generalized" coherent state. 
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1 Introduction 



Spin, system being subject to the SU(2) group, is a simple and pedagogical model so 
that many useful results and discussions have been made. In the framework of the path 
integral, it is applied to, for example, the explanation of the Fermi-Bose transmutation 
1 1,1- 

In quantum mechanics there exist few systems which are solved exactly so that various 
approximations such as the perturbation or the variational method have been invented 
to give useful results. The most suitable one in the path integral formalism is the WKB 
approximation, which can be stated as the stationary phase method in quantum mechan- 
ics. Although the WKB approximation is useful, the result differs from the exact one in 
general. However it is known that there exist some systems in which they coincide with 
each other, for example, the harmonic oscillator: this is a kind of trivial example since 
the approximation gives the same form with the original action which is the Gaussian to 
be integrated exactly. 

In the stationary phase approximation in finite dimensions, the conditions that an 
approximation gives the exact result of the integral has been discovered by Duistermaat 
and Heckman M, H, so that the fact is called as the DH theorem. 

Recently there have been some discussions |6|, [7], ||, [| that the WKB approximation 
gives the exact result (we call this fact as the WKB-exactness) in the trace formula of 
spin in connection with the DH theorem. However there are some unsatisfactory points 
in the preceding discussions, for example, the manner of construction of the trace formula 
and the use of the continuum path integral. With paying attention to the above points, 
we have shown the WKB-exactness in terms of the spin coherent state |10| with the form 



n r n 



z = hm / n en ex p iJ £ 2»io g i+ y fc + Jf;- 1 

N ^°° J i= i L k =i I V 1 + ?*?fc-i / 1 + J . 

where J is the magnitude of spin and h the external magnetic field. We have also extended 



(1.1) 



the WKB-exactness in terms of the "generalized" coherent state [11 
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As for path integrals for spin, there exists another expression, the Nielsen-Rohrlich 
formula [[12], [R|, which is constructed in terms of the periodic coherent state. Its trace 
formula is 

Z = Y lim / 1 ^fH tt < ^fj_ I (1.2) 
^ N-*™^ 2tt J-oof = \ 2tt y-j-i/a+e M 2tt v ; 



n=— oo 

r a' a' 
I 

. k=l k=l 



x exp 



¥'JV=¥ , o+2n7r 

where e is positive infinitesimal. On the other hand, the trace formula of the spin coherent 



state is (O). The two representations look quite different despite starting from the same 
Hamiltonian. The integration domain of p's and the existence of infinite sum lead to the 
observation that the phase space is considered to be the "punctured sphere". While the 
phase space of the spin coherent state is CP 1 ~ S 2 , the "sphere". In the latter case, the 
WKB-exactness holds. However in the former case, from ( |1.2j ), the equations of motion 
are 

tp k - ipk-i = h(k)At , 

(1.3) 

Pk ~ Pk-i = , 

which does not meet the boundary condition (p^ = ipo + 2mr in a general h(k). Thus 



there seems to be no classical solutions. We have clarified this puzzle in ref. ||14|| . The 
phase space of the Nielsen-Rohrlich formula is not "punctured" and the appearance of 
the infinite sum is superficial. The trace formula is equivalent to that of the spin coherent 
state. By rewriting ( |1.2| ) to 

00 r 2(n+l)TT A, n .. POO N-l J /*7T N 

z= v e lW lim / W» / TT — / TTAsin^ 

„±rL Ar->ooi 2n7 r 2tt 7-oo L\ 2n Jo 3 J 

(1-4) 



n=— oo 

f N 

x exp < iX y cos9 k ((p k - (p k ^ - hAt) 

I k=l 



¥'Af=V0+2n.7r 



the WKB-exactness also holds in this case. 



Although the extension of the Nielsen-Rohrlich formula has been attempted [|15[] , the 
explicit form has not been yet obtained. We in this paper construct the path integral 
formula and clarify the WKB-exactness. 

The contents of this paper are as follows. In Section [| we define the "multi-periodic" 
coherent state to construct the path integral formula. In Section 0, we make an exact 



calculation of the trace formula. We establish a relationship with the trace formula to that 
of the generalized coherent state in Section (|. Then we perform the WKB approximation 
to confirm the WKB-exactness in Section [|. The last section is devoted to the discussion. 



2 Construction of the Trace Formula 

First we make up the u(N+l) algebra and the representation space by means of N+l har- 
monic oscillators. The method is called the Schwinger boson one |jl6| . The commutation 
relations of oscillators are 

[a a , aJp) = 5 a p , [a a , ap] = [al, afc] = , (a, (3 = 1, • • • N + 1) , (2.1) 

and the Fock space is 

{im 1 ,---,™^ 1 }} , (m a = 0,1,2,- ■• with a = 1, ■ • • , JV + 1) , 

i- 1 ' ' ^ +1 > - ^.\ m ^M ) ml • • • K +1 )^ +1 io) . 

a a |0> = . (2.2) 
By putting 

E aP = aia p , (a,/3= 1,---,N + 1) , (2.3) 

the u(N + 1) algebra 

[E a p, Esys] = 5^E a5 — 5& a E 1 p , (2.4) 

is realized. 

The Fock space ( |2.2j ) is too large to be the representation space of U(N + 1). We 
restrict the representation space with the identity operator 

1 Q = J2 \m\---,m N+1 ){m\---,m N+1 \, (2.5) 

||m||=Q 



where we have used the abbreviation 



N+l 

Hi = m ° ■ (2-6) 

a=l 



Now we introduce the highest weight vector defined by 

E N+1 , N+1 \Q; N + l)) = Q\Q; N + l)), 

E N+1 , a \Q; N + 1)) = 0, (a = 1, • • • , N) , (2.7) 
where E a ^ N+ i(E N+ i tCt ) is the lowering (raising) operator of u(N + 1). We can identify 

|Q;AT + 1>) = |0, ••-,0, i Q 1 > • (2.8) 
The "multi-periodic" coherent state is defined by 

1 N 

= 7^m E U{^ maipa (E a , N+1 ) ma )\Q;N + i}} 

{^) || m ||=Qa=l 

= -\ m £ e-^-^\ m \ m \...,m^), (2.9) 

(27TJ || m || =Q 

which satisfies periodicity 

ly? 1 , • • • , V a + 2mr, • • • , tp N ) = \<p\ ■ ■ ■ , tp a , ■ ■ ■ , tp N ) , (n : integer) . (2.10) 
The inner product is 

<<^ = -V E e'^^, (2.H) 
(2tt) || m || =Q 



and the resolution of unity 



rd(p\<p){<p\ = l Q , (2.12) 
•/ o 



where 

/■27T ^ 



/ dy? = / IT dy? a • (2-13) 
Jo ' Jo a=1 

To construct the path integral formula, we utilize the next relation: 



for mo, mi E Z 

Y, e imip f(m) = E / dpe ip ^ +2nw) f(p) , (0 < e < 1) . (2.14) 

m=mo n=—oo °~ £ 



We rewrite (|2TTT| ) with the aid of (g!4|) to 

1 



EJV-1 



(27r) m i =0 m 2 =0 

1 

m 1 =0 m 2 =0 



V V ••• V e'E^i" 10 ^ ^"') 



771^=0 
ljV-2 



(27r)"jf E 



£«=i m« 



x E 



n JV =— oo 



en 



oo oo 
/q xiV E " ' E 



h£i 



dp 1 



-oo n JV =— oo 



-p 1 +E2 



^ 2 



= 2 

JV-1 



X ■ 



£JV-1 



iV 



£JV 



xe 



(2.15) 



where we restrict < e a < l/(2 a ~ 1 (N + 1)) for later convenience. We make a change of 
variables such that 



with putting 



which leads to 



M + 2^WTT)' (2 ' 16) 



x- Q + 1 
A= 2" + ivTT' 

ia = + + ' (° - £a < 2«-i(N+l)j ' (2,17) 



fl -> / " dp" . (2.18) 



( j2.15j ) then becomes 



oo oo 



2A-ei r 2\-p 1 -e 2 



2 



(v\tp') = -— w E ••• E / dp 1 d P 

2A-y iV " 2 p"-£ iV „ 1 / . 2 A-y iV ~ 1 p"-£ JV 

Z— /a — 1 r 7 N—l I l~iCL — \ r 1 N 



x / — dp 1 "-' / dp 

Jcn-i Jen 
iT N Ap a T7 -)(ip a -ip a '+2n a n) 

xe zL ^ Q=1 V 2<*-i (iv+i) y ^ ^ ^ (2.19) 



where the tildes have been omitted. 
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We adopt a Hamiltonian as 



N+l 

0=1 



(2.20) 



where we have assumed that all c's are different from each other and independent on time. 
The matrix element of the Hamiltonian is 



f N id 1 

(<p\h\<p') = 1 53 ( c « - Civ+i )-^ + c ^+^j <vV> 



E •■■ E 



-00 n JV =—00 



00 /-2A-ei 



El 



dp 



N 



xe 



x 



Ea=l (?" >-lU) )^-W) 



A? 



where fi a = c a — cjv+i- 

From now on we put e a = for simplicity. (See ( 2.171) for the range of e a .) 
The Feynman kernel is defined by 



M , 



K(tp F MT) = (<p F \e^ 1 \ H > I ) = gm (cp F \(l - iAtH) fa) 

M—>oc \ / 

(At = T/M) 



or explicitly 

K(cp F ,<pj;T) = Jjm^ ft ^ ft <V»il ( X ~ * A *#) IV;-i> 



M-l M 



i=l j=l 

hm / n n 



^0 = ^1 



M -^00 Jo 



1=1 j=l 



_(2tt 



iV 



E •■• E 



n =— 00 n" =— 00 



X 



X 



/•2A /■2A-V JV *p? iV" ( n ° 



(2.21) 



(2.22) 



2Q-!(JV+i) JK^J 3 I 



lim 



a=1 v 2-HiV+l) 

2vr A/-l M j 1 



¥>o=¥>7 



n^n 

i=i i=i 



E ••■ E 



2A 



2A-E JV_ 1 1 P? 



x / dp)-- - I dpf 



6 



x exp 



M ( N 



EE ht 



k=l Ka=l 
N / 



2«-i(JV+ 1) 



(Atf + 2<vr) 



At <j Va[pt ~ 2 *-i(N + l) J + ° N+lQ 



.a=l 



<Po=<Pi 



(2.23) 



where the resolution of unity fl2.12|) has been inserted in the first equality and Ay?£ = 
ft ~ fk-i nas been put and 0((At) 2 ) terms, which finally vanish in M — > oo limit, have 
been omitted in the last equality. We introduce new variables such that 



n 



n 



i > 



1=1 

¥k =l Pk+ 2n k 71 > 



to give 



Apt + 2<vr = Atf' 

x r2(n?'+l)n 



E 



'2n Q/ 7r 
n" '=— oo i 



The kernel is then rewritten 



/oq M— 1 oo oo 

n fa e • • • e 

-oo „■ 1 1 « 

1=1 ri = — oo n lw = — 



x exp 



E 1 E I Pfc 

fc=l Ka=l 



1 



2«-i(JV + l) 
1 



2«-i(JV + l) 



-iQcjv+iT+iV , - 4 -Lb a T 

«e iv-t-± Z_#e*=l 2 0!_1 (]V+1)'^ 



£.24) 



;2.25) 



x E ••• E 

»i 1 =— oo n N =— oo 
c CO 



EL 2a -iU (^- y ? +2n ° T ) 



AJz 1 M(r^dp) r^-YZZ p? dp 



/oo J " x /" 
n ^ n / 



2vr Jo 



N ' 



2tt 



x exp 



M N 



EE« 



£.26) 



Vo=V? 



I fc=lQ=l 

where primes have been omitted and nf 4 has been written as n a and = A<y2£ — Atfi a 
in the last equality. 
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Further we make a change of variables such that 



i' 1 \ 
p = p — A 



2' 2 
P = p 



X-p 1 ' 



Oil OL 

p = p — 



N' N 
p = p 



)JV-1 



(2.27) 



which leads to 







(^-e;: 1 1 2' 3 -v , )/2 



where we use the notations, 



E /(/?) = o 

P T , (for 6 < a) , 

n = i 



for simplicity. We then obtain the kernel 



"p N , f<p?.- ¥ 3?+2n a 7 



X 



X 



E ■•• E 

n 1 =— oo -(1-^=— oo 

M^ooJ-oo r, f = l y_ A 27T y_(A-pl)/2 27T 

(a-E^- 1 *?)/*"- 1 jgf 1 

-( A -E^T 1 1 2' 3 - 1 pf)/2 ,v - 1 27T J 



(2.28) 



(2.29) 



;2.30) 



x exp 



M AT 



EE K 



)Q-1 



$5 



fc=l «=1 

where we have again omitted primes. 

To compare with the ^-expression of the Nielsen- Rohrlich formula flOJ), we make a 
change of variables such that 



p% = A( J] sin 2 i ] cos*? , (a = 1, • • • ,N) 



(2.31) 
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with the Jacobian 



dip) 
0(9) 



N 



N-a 



to obtain 



K(<p F , <p T ; T) = e - iQcN+lT+i ^ *>-Hn +1) ^ t 

EV^ -i> , (<z>S,-<z>?+2?i a 7r) 



n L =—oo n" =—oo 



M-l M 



-oo ^ ^ f = \ Jo 



x ■ ■ ■ I sin 

lo 2 



-sin^f- 1 ^ / sintff^- 

3 2tt Jo 3 2tt 



x exp 



AI N la-1 



91 



fe=la=l \/3=l 

The trace formula is defined by 



Z=/ d<^|e^»=/ dipK(<p,<p;T) 
Jo Jo 



277 



whose explicit form is 



2 _ e -iQc N+1 T+i 7 ^ n j2Li 2 ~ a+1 ^ T 



1 v^JV 9 _ Q+ 2 r 



X 



... e S =i 2 



n- t =— oo n iv =— oo 



x hm n / n 



M 






A 


3=1 1 






/•7T 
















iV 



o Sm 2 



sinfl 1 — >- 

J Z7T 



sm — sinfl — / sinK — — 



x exp 



M JV a-1 



2^EE(nsm 2 ^]cos 2 ^ 



2vr Jo 

— cos 2 — 
2 2 



(2.32) 



;2.33) 



(2.34) 



(2.35) 



t=i«=i \/j=i 

This is the counterpart of the ^-expression of the Nielsen-Rohrlich formula. Actually, in 
N — 1 case, by putting Q = 2J and C\ = — c 2 = h/2, ( |2.35|) becomes 

r 2(n+l)7r d(fM f oo ^1 ^ M 



oo 

* = E < 

n=— oo 



i 2„ 7 rJ Um 



M^oo J2n.Tr 



27T 



9 



x exp 



M 



A ^ cos6 l fc(Ay9fc — hAt) 



i 

k=l 



[2.36) 



which is just the Nielsen- Rohrlich formula (|1.4j) . 

3 Exact Calculation 

To claim the WKB-exactness, we need the exact calculation to be compared with the 
result of the WKB approximation. We have already obtained the exact result in another 
expression (the generalized coherent state) fLl| . However we make an exact calculation 
in this expression to be self-contained. 
By changing variables such that 

Vl= cos 2 ^, (3.1) 



v/9=l 



with the Jacobian 



W -(-lf2--n|f- 2 |f" Q sin^), (3.2) 



the trace formula (|2.35|) becomes 



v OO 

Z = e -iQc JV+1 T+i 7 i_X;^ =1 2-+V Q T ... ^ e -<35TiELi 2 ~ a+ VaT 

n 1 =— oo n N =— oo 

lim n (2A)" dp}-- ^ >f| 



M^oo , 
i=l 



n / % / n %\ n . M 



X 

Q=1 I J2n^ 27T 7-oo i=1 27T , Q=1 

Rewriting the exponent to 

M AI-l M 



T,Pk*t = E {Pk-Pk-i)<Pk + (Pm ~Pi)Vm +P?2n a n - At^Pt , (3-4) 
fc=l fc=i fe=i 

and performing the ^-integrals (i = 1, • • • , iV — 1) as the 5-functions, we obtain 

(V oo oo w 

£ = e -^+iT4^£Li 2 ~ a+1 *»T X) ••• E e"^^-i r ° +l2,1 ° I 

n 1 =— oo n N =—oo 

hm n{(2Af/ dpj-/ ^ >f| 

Af-K»£^ I JO JO J 
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X 



N r r2(n a +l)-K A in & r/ N „ M 

TT / a VM c 2i\{(pZ-P?)^+P?2n"K-At» a Y™_ lP <x 



Af-1 



X 



n ± =— oo n JV =— oo 



Jo Jo 



By applying the integral relation ( |A.7| ) with J = 0, L — 1, it = 2A and $° = 2n a 7r 
3|) becomes 

!V oo oo M 

z = e -iQc N+1 T+i 7 ± l Y.Li 2 ~ a+1 ^ T j2 ••■ E e-^ii 2 " " 12 "" 1 



n ± =— oo n JV =— oo 



X 



+ 



e i2\(2n a TT-[i a T) 



N 

2 i(2n a vr - fi Q T) lfi =1 i {2{n<* - t^tt - - /i /3 )T} 

(-If 



n^ =1 i(2n«7r-^ a T)J 
First we calculate each term of a-sum. We set 



e 1 jv+i Z^a=i z z ™ 



n- L =— oo n JV =— oo 



x4 



t(2n a 7r - fi a T) fJi i { 2 (n a - nP)ir - (ji a - fi p )T} 

oo ^,« 1 r 7 i- r 2- JV + 1 2n Q, 7r 



e -iQc a T e -i 7 ± r[ 2- N + 1 l i a T ^ 



e N+i- 



N 



„ __^i(2n a ir - fi a T) 

oo ^2-^2^ 



E 



^^=—00 



i(2n% + /VT) 



where n 13 = n a — n 13 and /i/3 = C/3 — c Q = //^ — fi a ,(P 7^ a). We apply the formula 



x c 2nme i^-e)tp 



y — — 

2nvr + v 2 sin f 



(0 < £ < 1) 



with 



— -2- N+1 , ^ = -/i Q T for a 



1 



T 2-^ +1 , if = fipT for (3 ^ a , 
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to find 



N 



Z n = e 



-iQc a T 



1 - 



-iQc a T 



iu a T 



n- 



8=1 



n^i 1 (i - e~^ T ) 



(3.10) 



where (j,n+i = Qv+i — c a = — fi a . Next the calculation of the last term in ( |3.6| ) is 



Z N+1 = e-iQcM+iT+i^ ^Li 2" q+ V q t 



X 



E •■■ E 



/+1 1 



n- t =— oo n" =— oo 



iV 

-iQcjv+iT TT 
fiV 



ni V = i^(2n«7r-/x a T) 



oo J T rrT2- a + 1 2h a TT 



e 'jv+i 



n"=— oo 



i(2n"7r + /i a T) 



(3.11) 



TlLi (i - e-^ T ) ' 

where we have put n a = —n a in the second equality and applied (|3.8| ) in the last equality. 
Thus 

N+ l N+ l p -iQc a T 

(3.12) 



N+l N+l -iQc a T 

z = E z« = E n — i — r 

a=l a=l nl+Ml-e-^-^K 



This is the exact result of the trace formula and just the same with that of the generalized 
coherent state. We here note that ( |3.12| ) can be written in the determinant form: 



1 

-iciT 



1 

-ic 2 T 



e _j(AT_l) Cl T e -i( N -l)c 2 T 



e -i(Q+N) Cl T e -i(Q+N)c 2 T 



1 

-iciT 



1 

-ic 2 T 



-i(N-l) Cl T e -i(N-l)c 2 T 



-iNc\T 



-iNc 2 T 



-ic N+1 T 



e -i(N-l)c N+1 T 

e -i(Q+N)c N+1 T 
1 



e ~ic N+1 T 



-i{N-l)c N+1 T 



-iNc N+1 T 



(3.13) 



For detail calculation, see appendix R 
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4 Relationship to the Generalized Coherent State 



In this section we establish a relationship with ( |2.35| ) to the trace formula in terms of the 
generalized coherent state by an explicit calculation. 

By definition, the trace formula in terms of the multi-periodic coherent state is 

f2vr M_ M 
10 



f2n M M , ^ 

Z = JimJ Hdcp.ll (^{(l -iAtHjlcp^) 



i=l k=l 



<Pm=<Po 



Inserting the completeness 



(4.1) 



!q = E l m V' ' ,m iV+1 }(m 1 ) - • • ,m 



AT+ll 



(4.2) 



with noting 



(2n) J 



H\m , • • • , m 



N+l 



) = (^E ^oJn a + cn+iQ^J I™ 1 



and putting 



e? = -< + 2vr 



(4.3) 



(4.4) 



we rewrite (|4.1|) to 



where 



M 



Z= lim n 



E 



o (2irf 
1 - iAt ( Y Varn? + c N+1 Q j | 



Y N . m a A6° 



2n N 

n > 

a=l 

a na net 



2vr 

dOi E 

JO 



Afif EE 61? - (9? ! . 



<PM=<P0 



(4.5) 



(4.6) 



If we write (14.51) as 



M 



Z= lim TT 

M^oo J - J - 



i=l 



E 



o (2tt)" 



x 



l PM= l P0 



(4.7) 
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we find mf = mf +1 from the 0-integrals (5-functions). By inserting the identity QTT 



(N + Q)\ 



l\ 



o=l 



(1 + W 1 H U 



N \N+Q+1 



l\=l 1 \---l N+1 \ 



into 



, the trace formula becomes 

(N + Q)\ dOi 



M 

Z= lim 17 

1=1 



E 



nli <k 



X 



(W) 1/ V«'.')"' i ■••(«) "V*) 



(1 + it* H h u 



Oil 



1/2 



tc i-l 



(l + ul 1 + --- + ul 1 f /2 m! 
where mf = and Mq = have been used. Then putting 

Si ) Si 



0m=Oq 



we obtain 



Z= lim TT 

1=1 



E 



ll m i|l=Q 

,i 



m! 



i + de 



Q/2 



or(«/- 1 ) m '-(e 1 y 



m! 



N 



Q/2 



X 



1 - iAt I J] /i a m" + c N+1 Q 



a=l 



M 



lim TT 



i=l 



x(m 1 | ..- l m JV+1 |€ 4 _i>. ^ 

„ M M 

= J n d) n 1 - ^h) i^-i) 



i=l 



Cm - Co 



(4i 



(4.9) 



(4.10) 



(4.11) 



which is nothing but the trace formula in terms of the generalized coherent state [11 . 
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5 The WKB Approximation 

In the Nielsen- Rohrlich formula, the WKB approximation is applicable to the ^-expression 
instead of the p-expression. In this section we perform the WKB approximation to the 
^-expression of the trace formula in terms of the multi-periodic coherent state. The WKB 
approximation in this case is the large Q(X) expansion. 
Writing (ggg) to 

z = e ■■• e i; m n / % 

71 — — oo n" =— oo ot=l K ) i=l 



x • • • f f sin 2 ^— 1 sin^" 1 ^— / sin^^- }> e^' v " ' , (5.1) 



with the action: 



\ 2 / Z7T JO Z7T 



1 JV i AT 

1 «-> Ji — 1 _ a +2 ra„ 



S<»"> = -Qc N+1 T + — - £ - — £ 2- , , T 



fc=la=l \/3=l 

we find the equations of motion; 



M N (a-1 nP\ na 

+2AEE(n^ 2 f cos 2 ^, (5.2) 



a—l Q a (a— I OP \ fta 

,2 °k I „ 2 V k I TT -2 ^fe+l | _ 2 ^fc+l 



TT sin 2 I* cos 2 — - TT sin2 — cos2 — = > ( 5 - 3 " a ) 
/Li 2 I 2 2 ' 



'a-l a/9 
nsin 2 ^]sin^ 



- ^ + e n sin2 1 1 c ° s2 > 7 

7=o+l \(5=a+l 



,2 ^fc 

bli 

Now we solve the first equation(s), (|5.3-a|) . In a = 1 case the equation is 



. (5.3-b) 



cos 2 ^ = cos 2 , (5.4) 

2 2' v ; 

and its solution is 

e\ = el +1 = e' = const. (5.5) 

In a = 2 case the equation is 

sin 2 °- (cos 2 I - cos 2 \ = , (5.6) 



15 



and its solutions are 



(i) 9 1 = 0, in this case the remaining equations of ( 5.3-a|) hold with arbitrary 8 a for 
a > 2 , 

(ii) e 1 = d ^ o, e 2 k = e 2 k+l = e 2 = const . 

By a similar consideration, we obtain the solutions: 

(e\e 2 ,---,e N ) = (0, *,*,...,*,*) , 

= (Ci,0, *,•••,*,*) , 
= (Ci,C 2 ,0,. ..,*,*) , 

= (Ci, C 2 , C 3 , • • - , Cjv-i, 0) , (5.7) 

where C Q = constant 7^ 0, (1 < a < iV — 1) and * denotes an arbitrary number. Next we 
solve (|5.3-b|) . The solution (Ci, C2, • ■ • , C/_i, 0, *,•-•, *) of (|5.7| ) satisfies the equations 



for a > I because Q\. = 0. In a = / — 1 case the equation is 

sinCV-if-^ 1 +${) = . (5.* 



Because 1 + $| = -(A<^ 1 - /i/_iAt) + (A</?£ - /i/At) = is not compatible with 
the boundary condition for any given T, the solution is 

C 7 -l = 7T . (5.9) 

Therefore we obtain 

d = C 2 = ••■ = C/_i = 7T . (5.10) 
Considering about all J's, finally we obtain the solutions of (|5? 

«,...,0f) = (O, *,*,•••,*,*), 
= (tt,0,*,- ••,*,*) , 

= (7T, 7T, 0, •••,*, *) , 
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(7T,7r,7r, ■ • • , 7T, 0) 



(7T, 7T,7T, • • -,71-, 71") , 



(5.11) 



with yj's being arbitrary for all a and fc. 

First we consider the WKB approximation around {o\, ■ ■ ■ ,9 



(7r, 7r, ■ • • , 7r). Putting 



we write the trace formula to 



(5.12) 



oo oo 

x E •■■ E e VN 



n- t =— oo n N =— oo 



N f /-2(n a +l)7r 1 rx " 

j im n / *pm\ n ^ 



1 yN 2 - a +2 naw 

1 — 1 



M-l 



M 
M 



X 



n a 



3=1 
roo 



cos — t= sin " 



2^/ y/X2iry/\ 
iV - 1 a^" 1 ^" 1 /-oo x f 



x / < :os 2 — L -= sin ■' 



o 



2y/\ 2n^f\h y/\2iry/\ 



sin 



x exp 



AT AT fa-1 

2iA EE n 



cos 



2 ^fc 



sm 



2 •'•/,' kc 



fc=la=l \/3=l 

The leading order term (0((1/A)°)) becomes 



2V^/ V 2y/\J 



(5.13) 



iQciV+lT+i^- £^ =1 2— +VaT 



^7V+i = e 

oo oo v 

x ^2 ••• E e ~ ti7TT ^ a=i 2 



n ± =— oo n" =— oo 



N 



X 



lim TT 

a . „ J. J. 



M^oo 



a=l 



2n a 7r 



M-l 7 a 



A, n <x r oo M 



27T J-oo i=1 27T JO , =1 



• M 

2 » , „>2, 



V fc=l 



(5.14) 



where 5m has been introduced, which is given for each M and finally put zero, to ensure the 
convergence of the x- integrals. By the form of ( p. 14 ), each -integral can be performed 
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independently to give 



J N+l 



\ -> -i^y N 2- a + 2 n-7: 

/ 6 N + l Z—ia = l 



n =— oo n" =— oo 



Noting that 



N 

x lim TT 

M->oo x \ 
a=l 



1 



00 dp? 



2n°4r 2tt J-00 }Ji 2n M[ i(fi a At - Ay?" - id 



1 



(5.15) 



1 



fi a 2At - <pf +1 + p«_ x - 2i8 M 
we perform the (^-integrals to obtain 



(5.16) 



N 



Z N+1 = e -^N + iT+ l7 ^j: a=1 2-+^ a T TT 

a=l 

cx 

E 



00 g^lvTT 2 "^ 2 ^^' 



E 



n L *=— 00 



2n Q vr - /i Q T 



-iQ Cjv+1 T TT 
a=l 



■ 1 o-q + l 71 



00 e i2n-7r 1 ^ T 2-"+ 1 



n"=— 00 



(5.17) 



i(2n a vr + fi a T) 

where we have put 5m = and h a = —n a in the second equality. Application of the 
formula ( ft.SQ with noting 



< 



1 



-a+l 



N+l 



< 1 , 



(5.11 



gives the final form 



Z 



N+i — e 



iV 
a=l 

p -iQc N+l T 



■ 1 o — q+1., T^C 



'(»■ 



2-° + ! 
JV+1 



li a T 



2i sin ^ 



ni v =1 (1 - e-v-r) 

g— iQcjv+iT 

= ria=i {1 - e-^~ c ^ T } ' 
Next we perform the WKB approximation around 



(5.19) 



N 



, .12 1-1 I 1+1 

(el---,6?) = {w-, 71,0, *,•••,*) 



(5.20) 



for I = 1, ■ ■ ■ , N. ((el, ■ ■ ■ , 0%) = (tt, tt, • • • , 7T, 0) is a special case of (CT )Q We put 



^ = 7r-^, (a = l,...,J-l), ^ = ^= 



(5.21) 
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and leave 9% (a = I + 1, • • • , N) unchanged because they are arbitrary numbers to have 
no expansion points. The leading order term of the trace formula then becomes 



Zj = e 



IV oo oo . 

?c J v + iT+i 1 ^ T E« = i 2 - a+ VaT g ... g e^lvTrE' 



2- a+1 2n a iT 



where 



x 



M- 
M 



n^=—oo n" =— oo 
M-l 



N ( r 2(n a +l)n } r oo M-l 

iim n / *p%\ / n 



x n{/;^-/;4-^/;— ( 



2(iV-7)/ A2(JV-/)+ld^ 



X 



r ( sin 



x exp 

M 



M 1-1 



M d9] +1 
sin^+i_J_ 



J. 



2tt 



r sin ^^\ e ^(2n^- Ml T) 
JO J 2"7T J 



M 



Z fc = lQ=l 

„ AT / a-1 

+5E(*0 e n 

a=/+l \/3=/+l 



k=l 



k=l 

sin 2 ] cog 2 

2 2 k 



= e~ iQClT Z je _i ^ 2 " /+V/T+ ^ Ea=/+1 2-+ VcT 



oo oo 

x E ••• E ; 



2- Q+1 2n a 7r 



n'=— oo n 

x lim j i 



-OO 



M^oo 



M r /-oo 

xn{2-<"-'>/ (xj) 



a=/ 



2(« a +l)^ dlf M 
2n a ir 



2% 



M-l 7 a 



n 

i=i 



2tt 



A 2(AT-/)+l j _i( x l) 2 ^l 



x / I sin 
/o \ 2 



/+1 JV-/-1 
2 ^ \ 



sin9 I j +1 d9 I j +1 



x exp 



N /a-1 

(*0 £ n 



sin 



2 6 3 



COS 



a=I+l \/3=I+l 



f'TT 






sin 


Jo 




2 6 3 








2 


3 



(5.22) 



Z^e^^I^-^T g ... g e ^Ei= 1 2-«+i 2 (^-n«) 7 r 



n 1 =— oo n 1 1 =— oo 
f / -2(n Q +l) 7 r f00 M-l j a ,. x 



M^oo 



x exp 



a=l 
M 



2n a ir 



2n J-oo 



i 2vr Jo " 



n *w 



k=i 



(5.23) 



with /i Q = Ha — jJii. We can calculate by the similar way with (0\, ■ ■ ■ , 9^ = (n, ■ ■ ■ , n) 
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case by substituting N — ► / — 1 and — > — $[, to obtain 



f-1 

><n 

a=l L 
7-1 



n 1 =— oo n 1 
1 



n 

a=l 
7-1 

n r 

a=l 1 



i {2(n a - n 1 )^ - (ji a - m)T} 

F 

^ z(2fi a + fl a T) 



: 1 o — a + 1 r rp 
e l N+l Z 



n = — oo 



1 



-ip, a T 



(5.24) 



where n a = n 1 — n a . For the remaining part of ( |5.22| ), changing variables such that 



l>, : | J] sin 2 ^j cos 2 ^ ,« = / + !,•••, AT 



(5.25) 



with the Jacobian 



d(p) 



N-I -N+I 



N 

n 

a=7+l 



sin 



/DO 

2 U k 



N-a 



sin ^ 



(5.26) 



gives the form of the leading order term 



Zj = e- iQciT Z I e- i ^ 2 ~ I+1 » lT+i ^^"=i+i 2 ~ a+1 » aT 

OO CX) w 

x > • • • y e Ar + 1 Af+i /—/a- r 1 



n J =— oo n JV =— oo 



2tt 



M-l 

n 

i=l 



2tt 



x 



M r /-oo , 



v 2 " v -' ,+1 &'e-i(-:) 2 *.' 



x y o ^ /+1 / o 1 dp 



7+2 







dPi 



N 



x exp 



o=7+l 



(5.27) 



By putting = |(xj) 2 and applying the integral relation ( A.7 ) with L = I + 1, u 



Uj = m- integrals becomes 



\Uj) N 1 du^e lUj ^i I dp 



Jo Jo 
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X 



N 

E 



= limt- N+I 



1 



-7V+(J+1)-1 



■e J ^ + 



■1) 



AT-(/-l)+l 



N 

E 



7+1 $?n*Ui 



11/3=7+1 «j 



-7V+/-1 



AT 

E 



1 



+ 



-1) 



N-I 



r+i n J . v =i (*? - ) nju 



-»jnJL, +l <*}-*?)' (5 ' 28) 

where the regularization parameter 5 has been introduced for the Wj-integrals to converge 
in the third equality and the relation (|A.6|) has been applied in the last equality. Thus 
( [5 .271) becomes 

Z I = e - iQciT Z I e- i ^ 2 ~ I+lf " lT+i ^^w 2 ~ a+1 ' laT 



>< E ••• E < /y 

,i 



1 o-J+lo 7 ■ 1 2- a + 1 2n° 



n'=—oo n" =— oo 

X lllll / 

M^oo J2n I n 



M 



N+l Z-ia=I+l ' 

00 nMnl 

M 2rr 11 id>} 

° n'Mn l — 



N 

x n 

a=J+l 



2tt 

2(n«+l)7r dyj^ 
27T 



2n a 7r 



1 



E ••• E 

^ = — 00 71-" = — OO 



X 



TV 

n 



*(2n% - /i 7 T) a i/ +1 i {2(n I - n«)n - (jij - fi a )T} 
where the (^-integrals have been performed by noting ( |5. 16 ). Putting 



(5.29) 



n a = n — n a , \x a = c a — cj = pi a — jii , (a — I + 1, ■ ■ ■ , N) 

fj'N+l = Qv+l — C/ = —/if , 



(5.30) 
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we obtain 



n 1 
oo 

E 



AT 

x n 

0=7+1 



■ 1 r> — a+lr. rp 



00 e i 1 ^ I 2- Q + 1 2n-7r 



n"=— 00 



i(2n a n + p, a T) 
e ii-NTi^ N+1 )^ +1 T 



2i sin 



N 

x n 

0=7+1 



■ 1 o — g + 1 - rp e 



\\-im 2 ~ a+1 )^ T 



2i sin 



I N I 

1 — p—ip-N+lT 1 — p—ii±aT 

a=7+l 



n^Mi-e-^) ' 



(5.31) 



where we have applied the formula fl3.8| ) in the second equality and put the explicit form 
of Z/, (|5.24 ), in the last equality. Thus the total contribution of the WKB approximation 
becomes 

N+ l N+ l p -iQc a T 

(5.32) 



N+l N+l 

zwkb = Zg = y 



which is the same with the exact calculation ( [3 . 1 2|) . Therefore we can conclude that the 
WKB-exactness holds in the multi-periodic coherent state. 



6 Discussion 

In this paper we have constructed the trace formula in terms of the multi-periodic coherent 
state as an extension of the Nielsen-Rohrlich formula for spin. We have made an exact 
calculation of the trace formula and performed the WKB approximation to show the 
WKB-exactness. We have also clarified a connection between the trace formula and that 
of the generalized coherent state. 

The result obtained in this paper is perfectly parallel with the generalized coherent 



state (TT| • Similar argument in terms of another coherent state may be possible. However 
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the WKB-exactness will not hold in arbitrary coherent states. Now we have the problem 
that what kind of coherent states make the system WKB- exact. 

The extension to the Grassmann manifold from CP N have been made The 
corresponding extension from the multi-periodic coherent state will be also possible. 

The extension to supersymmetric CP 1 {CP N ) model is also attractive. There is an 
expectation that by the fermion contribution the result of the continuum path integral 
coincides with the discrete one. 

The extension to field theories is more important. There are some attempts in this 
field [PJI 119, ^(J. However they seem to be still insufficient in the mathematical point of 



view. 
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Appendix 



A Some Useful Relations 



A.l The Vandermonde's Determinant 

We define 



n a— I 

A fc = n n - a /3) 

a=k j3=k 



1 


1 


1 






a n 








4 


a k+l 


■ On 



a fc a fc+i 



,71— k „n—k 



l k+l 



A fc (a) = 



1 



n-fc n-fc 

a Q _i q.q+1 



*a-l u o+l 



n—k „n—k 
l a-l a a+l 



a a-l Oa+1 



,71— fc 



*Q-1 



*a+l 



1 

On 

2 
n 



a; 



,71— fc — 1 



,n— fc— 1 ^,n— fc— 1 



*a-l 



,71 — fe— 1 



n 13-1 

n n - > 



/3 = fc 7=fc 



Ph = 



I] fl «~ a fc a fc+l " " " On 
a=k 



(A.l) 



A/; is known as the Vandermonde's determinant and A k (a) is its cofactor apart from sign 
factor (— l) a ~ k . We then find the relations (Laplace expansion): 

n 

\ a—k 



A, = E (-ir fe A fe (a) , 

a=k 

A k (a) = ^A k (a) . 



We rewrite A k (a) by another expression. Since 



Yl (a a - ap) = (-1)™ a A k 



0=k 



A fc (a) 
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:-i) r 



= n A fc 
a a A fc (a) 



(A.2) 



(A.3) 



we have 



Ada) 



1; 



a a Y\j3=k (a a — a a) 



A k . 



Substituting ( |A.4|) into the first relation in (|A.2[) , we then find 

n p 



E 



a=k a a IYl=k {a a — ap) 

0^a 



"I 



,n—k 



and, picking out a = k term, 

1 



«fc Up=k+i ( a k - ap) 



E 

a=k+l 



1 



+ 



-1) 



n—k 



a a Il"=fe ( a a — dp) Pi 



A. 2 Some Integral 



We claim 
A(L) 



liu) 



-N+L-l 



dp L e 

N 

E 



N iu& p 



(A.4) 



(A.5) 



(A.6) 



i fi »(i-E":; +1 ^)* Q + HO 



JV-L+1 



for L = N,N -1...T+ 1 . 



(A.7) 



We prove this relation by mathematical induction. In L = N case we can examine ( |A.7| ) 
by an explicit calculation. Now we assume that ( A.7 ) holds in L. We then calculate in 
L — 1 case: 



A(L-l) 



Z^ 7 =/+lP , L _ x iuQL-lpt-l f 1 Z^ 7 =/+lP N Ju$N p N 



dp L - L e 



dp N e l 



i-T L ~ 2 



dp L - l A(L) 



-N+L-l 



N 



E (T.Q 



l iu( i— ? , , p 



,7 $o 



X 



7=W r L-liiil* 1 - 1 -*' 1 



i-E L - 2 I+1 p< 



-N+[L-X)-\ 



dp^e 1 

1 



JV 
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2V 

E 



-i 



,2V-(L-1)+1 



-JV+(L-1)-1 



2V 



y — 



1 



Ub=l - 



2V-(L-1)+1 



-2V+(i-l)-l 



N 

E 



1 -^^-E'Zl^ 



-1) 



iV-(£-l)+l 



IlJU-i ^ 



(A.8) 



( |A.8| ) indicates that ( |A.7| ) in L — 1 case holds if it holds in L case. Thus we conclude that 
Q holds for L = N, N - 1, ■ ■ ■ , I + 1. 



B The Determinant Form of the Exact Result 



Utilizing the relation in appendix we rewrite the exact result of the trace formula in 
the determinant form. 
By assigning 

k = 1 , n = N + 1 , a a = e~ iCaT 

( |A.3| ) becomes 



2V+1 



J] (e— T -e~^ T ) = (-1 



5=1 



2V- 



-1-a A x 



Ai(a) 



By means of ( |B.2[ ), we rewrite ( |3.12j ) to 

AT+l p -iQc a T 



C/3 -C Q )T 



7V+1 



E etArCaT ^+1 ( e - 4CQ T _ e -ic^T) 
N+l p -i{Q+N)c a T 

E 



-iQc a T 



«=1 I" 1 ) 



Ai(a) 



(B.l) 



(B.2) 
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i N+l 



1 

-iciT 
-iciT 



N+l+a e -i(Q+N)c a T 



1 

-ic a -iT 



1 



-i(JV-l)ciT 
1 



-i2c a -iT 



1 

-ic a+ iT 
-i2c Q+ iT 



-i(JV-l)c a _iT -i(iV-l)cjv +1 T 



1 

-ic 2 T 



-i(AT-l)ciT „-i(7V-l)c 2 T 



e _i(Q+AT) Cl T e _j(Q+AT) C2 T 



This is the determinant form ( [3.13D . 



g-icjv + iT 



-i{N-l)c N+1 T 



-i(Q+N)c N+1 T 



1 

g— icN+iT 
e ~i2c N+1 T 

-i(N-l)c N+1 T 



(B-3) 
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